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Abstract
Let TTn be the transitive tournament of order n. We say that a digraph D is TTn-maximal
if D does not contain TTn and if the addition of any arc to D results in a digraph that does
contain TTn. We study the problem of nding TTn-maximal digraphs of order m (m>n) and of
the minimum size. The problem is solved for n=3 and for m=n; m=n+1. We state a conjecture
relative to the size and the structure of TTn-maximal digraphs of order m and minimum size.
c© 2000 Elsevier Science B.V. All rights reserved.
We consider only nite graphs and digraphs without loops and multiple edges and
arcs. Our terminology and notation are standard unless otherwise stated.
A transitive tournament (of order n) TTn is a tournament dened by the following
property: if (x; y) and (y; z) are its arcs, then (x; z) is its arc too.
We say that a graph G is H -maximal (a digraph D is F-maximal) if G (D) does
not contain H (F) and if the addition of any edge to G (any arc to D) results in a
graph (in a digraph) that does contain H (F).
The most known theorem relative to nding a H -maximal graph is associated with
Turan’s problem: what is the maximum number of edges in a graph of order m that
does not contain the complete graph Kn?
For natural numbers m and q let Tq(m) denote the complete q-partite graph with
bm=qc; b(m + 1)=qc; : : : ; b(m + q − 1)=qc vertices in the various classes. The size of
Tq(m) is marked by tq(m). In 1941 Turan proved the following theorem ([8,9], see
also [2, Chapter VI] for details):
Theorem 1. Let n and m be natural numbers; n>2. Then every graph of order m
and size greater than tn−1(m) contains a Kn. Furthermore; Tn−1(m) is the only graph
of order m and size tn−1(m) that does not contain a Kn.
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The theorem above states that the maximum size of Kn-maximal graph of order m
equals tn−1(m). The same problem for triangles was considered earlier by Mantel. He
proved that a graph of order m and size at least bm2=4c + 1 contains a triangle [5].
The next theorem due to Erdos et al. [4] gives the minimum size of the Kn-maximal
graph of order m. In fact, the authors proved a stronger result. Let kn(G) denote the
number of Kn’s in a graph G. We say that a graph G is strongly Kn-maximal if
kn(G)<kn(G+) where G+ is obtained from G by the addition of an edge.
Theorem 2. The minimum size of a strongly Kn-maximal (n>3) graph of order m





. The Kn-maximal graph Kn−2 + Km−n+2 is the only
strongly Kn-maximal graph of order m and the minimum size.
The digraph analogue of Turan’s theorem was solved by Brown and Harary in 1970
[3]. In that paper, the authors consider, in place of Kn, digraphs whose underlying
graph is a Kn. In some cases, certain multigraphs are considered too. In particular,
they proved the following theorem:
Theorem 3. Let F be any tournament of order n; n>3. The maximum size of
F-maximal digraph of order m is 2tn−1(m). If F 6= C3 then the unique F-maximal
digraph of order m and maximum size is a digraph obtained from Tn−1(m) by
replacing edges by symmetric arcs.
It is natural to ask about the minimum size of F-maximal digraph for certain digraph
F . We restrict our attention to an F being a transitive tournament. Our purpose is to
show some results relative to this problem.
From now on, we shall use the following notation: let TTn denote the transitive
tournament of order n and D a TTn-maximal digraph of order m; m>n. Set k =m−n.
By V (D) and A(D) we denote the vertex set and the arc set of D, respectively. By
D we denote the complement of D. A D is a digraph such that V ( D) = V (D) and
(x; y)2A( D) if, and only if, (x; y) 62A(D). Let Cl denote the oriented circle of length
l; l>3, i.e. let V (Cl)=fv1; : : : ; vlg and A(Cl)=f(vi; v(i+1)mod l); i=1; : : : ; lg. To shorten
notation, by the oriented circle of length 2 we mean a symmetric arc.
For n = 2; D = Km. For n = 3 we found not only TT3-maximal digraphs but also
C3-maximal digraphs of the minimum size.
Theorem 4. Let m>3. The minimum size of a TT3-maximal digraph of order m is
equal to 2m− 3. Only D1 and D2 (see Fig. 1) are TT3-maximal digraphs of order m
and the minimum size; where q>1; q + p = m− 2.
Proof. It is easy to check that D1 and D2 are TT3-maximal digraphs of size 2m − 3
independently of the numbers p and q. Let D be a TT3-maximal digraph of size at
most 2m − 3. Observe that each vertex of D has a degree at least 2. Otherwise, the
addition of an arc incident with an isolated vertex in D or the addition of an arc
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Fig. 1.
orientated opposite to the arc incident with the vertex of degree 1 does not create any
tournament of order 3. On the other hand if the size of D is less than or equal to
2m− 3 then the minimum degree of vertices in D is at most 3. Let v be a vertex of D
such that v has the minimum degree. Thus d(v)=2 or =3 and we obtain the following
layouts of arcs incident with v.
Layout 1. A vertex u is the only neighbour of v, i.e. (v; u)2A(D) and (u; v)2A(D).
Observe that all vertices of D are the neighbours of u. If a vertex v1 were not
the neighbour of u then the addition of an arc (v; v1) would not create TT3. We
partition the set V (D) into four disjoint subsets. Let V (D) = fug [ V1 [ V2 [ V3 where
V1=fv1: (v1; u)2A(D) and (u; v1) 62A(D)g; V2=fv2: (v2; u) 62A(D) and (u; v2)2A(D)g
and V3=fv3: (v3; u)2A(D) and (u; v3)2A(D)g. Set ri=jVij; i=1; 2; 3. According to the
denition of the TT3-maximal digraph no two vertices from the same set Vi (i=1; 2; 3)
are neighbours, the only neighbour of vertices from V3 is u and (v1; v2) 62A(D) for any
vj 2Vj; j = 1; 2. On the other hand (v2; v1)2A(D) for vj 2Vj; j = 1; 2. If not, then the
addition of such an arc does not create TT3. Because of that and the size of D, sets
V1 and V2 are not empty. Now we calculate the number of antisymmetric arcs in D.
It is a function f of integers r1; r2; f(r1; r2) = r1 + r2 + r1r2 with r1; r2 2 [1; m− r3 −2]
and r1 + r2 is constant. The function f has the minimum value for r1 = 1 or r2 = 1,
i.e., when either D = D1 or D2.
Layout 2. v has two neighbours u1 and u2.
Because of the denition of the TT3-maximal digraph there is the only possibility:
(v; u1)2A(D); (u1; v) 62A(D); (v; u2) 62A(D); (u2; v)2A(D). It is clear that (u2; u1) 62
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A(D) and (u1; u2)2A(D) and every vertex of D is a neighbour of u1 or u2. Let V (D)=
N12[N1[N2, where N12=fv12: v12 is a neighbour of u1 and u2g; N1=fv1: v1 is a neigh-
bour of u1 and v1 is not a neighbour of u2g and N2 = fv2: v2 is not a neighbour of u1
and v2 is a neighbour of u2g. For any vertex v12 2N12 (u2; v12)2A(D); (v12; u1)2A(D)
and (v12; u2) 62A(D); (u1; v12) 62A(D). Vertices of N12 are nonadjacent. Let v1 2N1 be
joined to u1 by antisymmetric arc. If (u1; v1)2A(D) then the addition of an arc (v1; v)
does not create TT3, a contradiction. Let (v1; u1)2A(D). After adding an arc (u1; v1),
we obtain TT3. Hence there is a vertex w2V (D)nfv; u1; u2g such that it is a neigh-
bour of u1 and v1 by antisymmetric arcs (u1; w) and (w; v1). Observe that w is not a
neighbour of u2 because TT3 is not contained in D and w 62N1 because (u1; w)2A(D),
which is impossible. The same is applied for vertices of N2. Hence every vertex vi 2Ni
and ui are joined by a symmetric arc and then vertices of Ni are nonadjacent, i = 1; 2.
Let v1 2N1 and v2 2N2. If (v1; v2) 62A(D) we add this arc and conclude that there is
w2V (D)nfv; u1; u2g such that w; v1 and v2 are vertices of C3 contained in D. Then
TT3 is contained in D also because w is a neighbour of u1 or u2. Hence every two
vertices v1 2N1 and v2 2N2 are joined by a symmetric arc. Observe that vertices of N12
are not neighbours of vertices of N1 [N2. Now we calculate the number of symmetric
arcs in D. It is a function f of integers r1 = jN1j and r2 = jN2j; f(r1; r2)= r1 + r2 + r1r2
with r1; r2 2 [0; r1 + r2] and r1 + r2 is constant. The function f has the minimum value
for r1 = 0 or r2 = 0, i.e. when either D = D1 or D = D2.
Layout 3. v has three dierent neighbours u1; u2; u3.
According to the denition of the TT3-maximal digraph and the degree of v we obtain
that every arc joining v and ui; i= 1; 2; 3 is antisymmetric and d+(v) = 2 or d−(v) = 2.
In both cases if (v; ui); (v; uj)2A(D) or (ui; v); (uj; v)2A(D) then ui and uj are not
neighbours; if (v; ui)2A(D) and (uj; v)2A(D) then (ui; uj)2A(D); (uj; ui) 62A(D); i 6=
j; i; j2f1; 2; 3g. Hence the subdigraph of D indicated by vertices v; u1; u2; u3 has 5
antisymmetric arcs. This subdigraph is TT3-maximal of the minimum size for m = 4
but its minimal degree is equal to 2. We may assume that m> 4. Observe that every
vertex of V (D)nfv; u1; u2; u3g has to be a neighbour of u1 or u2 or u3. Thus u1; u2 and
u3 have together at least m− 4 neighbours (except of v) such that each of them has a
degree at least 3. Then
jA(D)j>5 + 12 [m− 4 + 3(m− 4)] = 2m− 3>jA(D)j:
Therefore u1; u2 and u3 have together exactly m − 4 neighbours (except for v) such
that each of them is joined to only one of vertices u1; u2; u3 by an antisymmetric arc.
Without loss of generality, we may assume that d+(v) = 2 and (v; u1)2A(D). The
minimal degree in D is equal to 3 so u1 is a neighbour of at least one vertex dierent
from v; u2 and u3. For every w2V (D)nfv; u1; u2; u3g; (u1; w) 62A(D) because otherwise
the addition of (w; v) does not create a TT3. Hence (w; u1)2A(D). We add (u1; w) and
conclude that there is z 2V (D)nfv; u2; u3g such that u1; w; z are vertices of C3 contained
in D. Then (u1; z)2A(D), a contradiction.
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Fig. 2.
Theorem 5. Let m>3. The minimum size of a C3-maximal digraph of order m is
equal to 2m − 2. Only digraphs D1 for m>3 and D2; D3 for m = 3 are C3-maximal
digraphs of the minimum size (see Fig. 2).
Proof. We use the same method as in the proof of Theorem 4. It is easy to see that
D1; D2 and D3 are C3-maximal digraphs of size 2m−2. Let D be a C3-maximal digraph
of size at most 2m− 2. Then minimum degree of vertices in D is equal to 2 or 3. Let
v be a vertex of the minimum degree. We consider layouts of arcs incident with v.
Layout 1. v has only one neighbour u, i.e. (v; u); (u; v)2A(D).
Observe that every vertex of D is a neighbour of u. For any w2V (D)nfug (w; u)2
A(D) and (u; w)2A(D) because otherwise we add (w; v) or (v; w), respectively, and
do not obtain C3. Hence in this case D = D1.
Layout 2. d(v) = 2 and v has two neighbours u1 and u2 i.e. v and ui are joined by
antisymmetric arcs, for i = 1; 2.
Assume rst that (v; u1)2A(D) and (u2; v)2A(D). We add (u1; v) and we do not
obtain C3 independently of the existence of arcs joining u1 and u2. Hence we have one
of following two cases: either (v; u1); (v; u2)2A(D) or (u1; v); (u2; v)2A(D). In both of
them u1 and u2 are joined by a symmetric arc. If m=3 we obtain D2 or D3. Let m> 3
and let w2V (D)nfv; u1; u2g. We add (v; w) in the rst case or (w; v) in the second
one and we do not create C3. Hence, for this layout m>4 is impossible.
Layout 3. d(v) = 3 and v has two neighbours u1 and u2.
Without loss of generality, we may assume that (v; u1); (u1; v)2A(D) and
(v; u2)2A(D); (u2; v) 62A(D). It is easy to check that (u1; u2)2A(D) and (u2; u1) 62A(D).
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For m = 3 we obtain D3. Let m> 3. Observe that any vertex of D is a neighbour of
u1 or u2. Hence the subdigraph of D indicated by vertices v; u1 and u2 has four arcs
and u1 and u2 have together m− 3 neighbours (except for v) such that each of them
has a degree at least three. Therefore,
jA(D)j>4 + 12 [m− 3 + 3(m− 3)] = 2m− 2>jA(D)j:
The equality holds if every vertex w of V (D)nfv; u1; u2g is a neighbour of only one of
vertices u1 or u2 and vertices w; ui are joined by an antisymmetric arc for i= 1; 2. This
case is impossible because for i= 1; 2 if (w; ui)2A(D) we add (w; v), if (ui; w)2A(D)
we add (v; w) and we do not obtain a C3.
Layout 4. v has three dierent neighbours u1; u2 and u3.
Arcs joining v and ui arc antisymmetric, i = 1; 2; 3. We will show that there are no
two arcs (v; ui); (uj; v)2A(D); i 6= j; i; j2f1; 2; 3g. Conversely, suppose that (v; u1);
(u2; v)2A(D). We add (u1; v) and if (v; u3); (u3; u1)2A(D), we obtain C3. Then after
adding (u3; v) we do not obtain C3, a contradiction. Hence either d+(v)=3 or d−(v)=3.
We use the same arguments like in Layout 2 to prove that it is impossible that m> 4. It
is easy to check that we obtain a C3-maximal digraph in two cases: arcs joining vertices
u1, u2 and vertices u2, u3 are symmetric but vertices u1and u3 are not neighbours in D;
and if u1and u2 are joined by a symmetrical arc and (u1; u3), (u2; u3)2A(D), (u3; u1),
(u3; u2) 62A(D). The above-described digraphs have size greater than the minimum size
for m = 4. So, for this conguration we do not obtain a C3-maximal digraph of the
minimum size.
Now look at the problem of nding TTn-maximal digraphs of the minimal size from
the another point of view. Let us study the number k = m− n. The problem is solved
for k = 0 and 1. We also obtain necessary and sucient condition for a digraph to be
TTn-maximal of the minimal size for any k. Let k =0, i.e. we look for a TTn-maximal
digraph of order n and of the minimum size. Let us recall two well-known propositions.
Proposition 1 (Moon [6]). A tournament is transitive if; and only if; it is acyclic.
Proposition 2 (Redei [7]). Every tournament contains a Hamiltonian path.
Proposition 3. Let D be a digraph of order n. Then D does not contain TTn as a
subdigraph if; and only if; D contains a circle Cl with l>2.
Proof. By Proposition 1 it is sucient to prove that if D does not contain TTn then D
contains an oriented circle. Let us suppose that D does not contain any oriented circles.
We shall prove that then D contains TTn as a subdigraph. The proof is by induction
on n. The case when n = 3 is left for the reader. Let n>4. Observe that there is a
vertex v of D such that every arc incident with v is symmetric or has a form (v; w),
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w2V (D). By the induction hypothesis the subdigraph of D indicated by vertices of
V (D)nfvg contains TTn−1. Then D contains TTn such that v is a vertex of outdegree
n− 1 in TTn.
Hence we obtain:
Theorem 6. A digraph D of order n>3 is TTn-maximal if; and only if; D = Cl
(26l6n).
Corollary 1. A digraph D of order n is TTn-maximal of the minimum size if; and
only if; D = Cn.
Corollary 2. The minimum size of a TTn-maximal digraph of order n is equal to
n(n− 2).
Observe that by Proposition 2 the addition of any arc to a TTn-maximal digraph of
order n results in a digraph that does contain any tournament of order n.
By Theorem 6 it is easy to check that:
Corollary 3. The digraph D of order m = n + k is TTn-maximal if; and only if the
following conditions hold:
(i) for any set W V (D); jW j = n; the subdigraph of D induced by vertex-set W
contains an oriented circle;
(ii) for any arc (x; y)2A( D) there exists set W V (D); jW j = n such that the
subdigraph of D induced by vertex-set W with removed arc (x; y) does not contain
any oriented circles.
In fact, by the corollary above, if D is TTn-maximal digraph then every arc of D
has to be an arc of an oriented circle of D. Digraph D is a TTn-maximal digraph of
the minimum size if, and only if, D satises conditions (i) and (ii) of Corollary 3 and
D has the maximum number of arcs.
Proposition 4. Let D be a TTn-maximal digraph of order m; m>3 and minimum
size. Then D does not have isolated vertices.
Proof. Let D be a TTn-maximal digraph of order m = n + k and minimum size. Let
us suppose that v is an isolated vertex of D. By condition (i) of Corollary 3 there is
an oriented circle C in D. Let (v1; v2) be an arc of C. We remove arc (v1; v2) and
add arcs (v1; v), (v; v2). In this way we obtain a digraph D0 such that V (D0) = V (D)
and jA( D0)j = jA( D)j + 1. Using Corollary 3 we shall show that D0 is a TTn-maximal
digraph. Let W V (D0), jW j = n. If v2W then the subdigraph of D0 induced by
W contains an oriented circle because the subdigraph of D induced by W contains an
oriented circle. Let v 62W . Let us suppose that the subdigraph of D0 induced by W does
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not contain any oriented circles. Then the subdigraph of D induced by (Wnfvg)[fv1g
does not contain any oriented circles, a contradiction. It is easily seen that D0 satises
condition (ii) of Corollary 3. Hence we obtain a contradiction.
Let D be a TTn-maximal digraph of order m. By Proposition 4 we may assume that
D does not have isolated vertices. Observe that, under this assumption, the size of D
is equal to m if D is a layout of k + 1 disjoined oriented circles. The size of D is
greater than m if in D there are oriented circles with common vertices.
Proposition 5. Let D be a TTn-maximal digraph of order m; m>3. Let v2V (D)
such that v is not an isolated vertex of D. Then there are v1; v2 2V (D) such that
(v1; v); (v; v2)2A( D).
Proof. It is obvious that every no isolated vertex of D has a degree at least 2 in D.
If v is incident with a symmetric arc in D then as v1 = v2 we can set its neighbour.
Hence we may assume that v has at least two dierent neighbours in D and v is not
incident with a symmetric arc in D. To obtain a contradiction, suppose, without loss
of generality, that for every neighbour v1 of v in D (v; v1)2A( D). By condition (ii) of
Corollary 3 there is a set W V (D), jW j=n such that a subdigraph of D indicated by
vertex-set W with removed arc (v; v1) does not contain any oriented circle. It is easily
seen that a subdigraph of D indicated by W does not contain any oriented circle as
well, which contradicts condition (i) of Corollary 3.
Denition 1. Let D be a TTn-maximal digraph of order m = n + k, n>3, k>0. Let
v2V (D) such that the degree of v in D is equal to 2 and v is not incident with a
symmetric arc in D. Then we say that D0 is a digraph obtained from digraph D by the
contraction of the rst type if V ( D
0
)=V ( D)nfvg and A( D0)=(A( D)nf(v1; v); (v; v2)g)[
f(v1; v2)g, where v1, v2 2V ( D) are neighbours of v in D such that (v1; v), (v; v2)2A( D).
Remark. Observe that if D0 is obtained from D by the contraction of the rst type
then jV (D0)j= jV (D)j − 1 and jA( D0)j= jA( D)j − 1. Note that, by Corollary 3, if D is
TTn-maximal digraph and (v1; v), (v; v2)2A( D) then (v1; v2) 62A( D).
Proposition 6. Let D be a TTn-maximal digraph of order m = n + k; n>3; k>0.
Let D0 be a digraph obtained from digraph D by the contraction of the rst type.
Then D0 is a TTn−1-maximal digraph of order m− 1 = (n− 1) + k. Moreover; if D
is a TTn-maximal digraph of minimum size then D0 is a TTn−1-maximal digraph of
minimum size.
Proof. It is easy to check that D0 satises conditions (i) and (ii) of Corollary 3. Let D
be a TTn-maximal digraph of minimum size. Let us suppose that D0 is a TTn−1-maximal
digraph and D0 does not have minimum size. Let D00 be a TTn−1-maximal digraph of
order m−1 and minimum size. Let (v1; v2)2A( D00) and v 62V (D00). By D000 we denote
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a digraph of order m such that V (D000)=V (D00)[fvg and A( D000)=(A( D00)nf(v1; v2)g)[
f(v1; v); (v; v2)g. Using the similar method as in proof of Proposition 4 we obtain that
D000 is a TTn-maximal digraph. Moreover, jA( D000)j=jA( D00)j+1< jA( D0)j+1=jA( D)j,
which contracts the fact that D is a TTn-maximal digraph of minimum size.
Denition 2. Let D be a TTn-maximal digraph of order m = n + k, n>3, k>0. Let
v2V (D) such that the degree of v in D is greater than 2 and v is not incident with
a symmetric arc in D. Assume that there is a neighbour w of v in D such that v, w
and an arc joining v and w are contained by the same circles in D. Then we say that
D0 is a digraph obtained from D by the contraction of the second type if V (D0) =
V (D)nfvg and A( D0) = (A( D)nf(v; u); (u; v): u2V (D)g) [ f(w; u): (v; u)2A( D); u 6=
wg [ f(u; w): (u; v)2A( D); u 6= wg.
Remark. Observe that if D0 is obtained from D by the contraction of the second type
then jV (D0)j = jV (D)j − 1 and jA( D0)j = jA( D)j − 1.
Using the same method as in proof of Proposition 6 we obtain:
Proposition 7. Let D be a TTn-maximal digraph of order m = n + k; n>3; k>0.
Let D0 be a digraph obtained from digraph D by the contraction of the second type.
Then D0 is a TTn−1-maximal digraph of order m− 1 = (n− 1) + k. Moreover; if D
is a TTn-maximal digraph of minimum size then D0 is a TTn−1-maximal digraph of
minimum size.
Let us dene a set of digraphs:
Denition 3. Let Kk+2 denote a digraph obtained from Kk+2 by replacing edges by
symmetric arcs. Fix k>0. Then we say that a digraph D is a digraph of set LCk
if, and only if, either D = Kk+2 or K

k+2 can be obtained from D by a sequence of
contractions of the rst and the second type.
It is easily seen that:
Proposition 8. If D2LCk and jV (D)j=n+k; n>2 then D is a TTn-maximal digraph.
For the describing of a special type of TTn-maximal digraphs we need the following
denitions.
Denition 4. Let v be a vertex of a digraph D and let there are two dierent neighbours
v1; v2 of v in D such that (v; v1) and (v; v2)2A(D) or (v1; v) and (v2; v)2A(D). Without
loss of generality let us suppose that (v; v1), (v; v2)2A(D). Let w 62V (D). Then we say
that a digraph D0 is obtained from D by gluing if V (D0) = V (D) [ fwg and A(D0) =
(A(D)nf(v; v1); (v; v2)g)[f(v; w); (w; v1); (w; v2)g. The arc (v; w) is called the glued arc.
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Denition 5. Let KT k+2, k>0, denote a digraph obtained from K

k+2 by a sequence of
gluings and satises the following conditions:
(a) KT k+2 satises conditions (i) and (ii) of Corollary 3 for n = jV (KT k+2)j − k,
(b) the set of glued arcs of KT k+2 creates k + 2 disjoined trees (including a simple
vertex as a tree of order 1),
(c) it is impossible to obtain any digraph from KT k+2 by the contraction of the rst
or of the second type.
Denition 6. Fix k>0. Then we say that a digraph D is a digraph of set LCTk if,
and only if, either D = KT k+2 or KT

k+2 can be obtained from D by a sequence of
contraction of the rst and the second type.
Corollary 4. For any k>0: LCk LCTk and LC1 = LCT1.
Proposition 9. If D2LCTk and jV (D)j=n+k; n>2 then D is a TTn-maximal digraph.
Corollary 5. Let n>3. If D is a TTn-maximal digraph of minimum size then there
are n vertices of D such that every two of them are neighbours.
Proof. Let us suppose that there are not n vertices of D such that every two of
them are neighbours. Then every arc of D is symmetric. Under this condition, D has
minimum size if D is obtained from Kn-maximal graph of minimum size by replacing
edges by symmetric arcs (see Theorem 2). Observe that for any digraph D0 2LCk ,
jA(D0)j< jA(D)j, a contradiction.
In the next theorem we consider TTn-maximal digraph of order n+1 and of minimum
size.
Theorem 7. Let n>3. The minimum size of TTn-maximal digraph of order n + 1 is
equal to n2−4. Only digraphs on n+1 vertices of set LC1 are TTn-maximal digraphs
of order n + 1 and minimum size.
Proof. By Proposition 8, any digraph on n+1 vertices of LC1 is TTn-maximal digraph
of size n2 − 4. Using Corollary 3 we shall prove that it is minimum size. Let D be a
TTn-maximal digraph of order n + 1 and minimum size. By Propositions 6 and 7 we
may assume that it is impossible to obtain any digraph from D by the contraction of
the rst or of the second type. In this way, we simplify the description of the structure
of D.
In the proof we will consider D. By Proposition 4 there are no isolated vertices
in D.
The proof is divided into a sequence of observations and cases.
Observation 1. D contains at least two dierent oriented circles.
I.A. Zio lo / Discrete Mathematics 213 (2000) 337{353 347
We choose two the shortest dierent circles C0and C00 of D.
Observation 2. If C0 and C00 do not have any common vertices then D consists of
only C0 and C00.
Observe that in this case D is a TTn-maximal digraph but D does not have minimum
size, a contradiction. Hence we may assume that C0 and C00 have common vertices.
To shorten the notation a common single vertex will be called a common path of
length 0.
In the following cases we consider all possible situations.
Case 1. Circles C0and C00 have at least three pairwise disjoined common paths and
arcs of C0and C00 create at least one circle which does not contain all common paths
of C0 and C00.
In fact, there are at least three dierent circles B1, B2, B3 created by arcs of C0 and
C00. Each of them does not contain at least one common path of C0 and C00 and there
is not a common vertex of B1, B2 and B3. Because C0 and C00 are the shortest circles,
circles B1, B2 and B3 have another vertices. These vertices are common vertices of Bi
(i = 1; 2; 3) and circles dierent from C0 and C00. Hence, there is at least one arc of
D which is not an arc of C0 or C00. For this arc we need at least two vertices such
that D without this arc and these vertices do not contain any oriented circles, which
contradicts condition (ii) of Corollary 3.
Hence, we can assume that if C0 and C00 have at least two disjoint common
paths then every circle created by arcs of C0 and C00 contains all common paths of C0
and C00.
Case 2. Circles C0 and C00 have exactly two disjoint common paths.
Let P1 = (xs; : : : ; xe) and P2 = (ys; : : : ; ye), xe 6= ys, ye 6= xs, be common paths of C0
and C00. It is possible that xs = xeor ys = ye. By E1 = (xe; : : : ; ys) and E2 = (ye; : : : ; xs)
we denote the remaining directed paths creating with P1 and P2 the circle C0. By
E3 = (ye; : : : ; xs) and E4 = (xe; : : : ; ys) we denote the remaining directed paths creating
with P1 and P2 the circle C00. Let ei be an arc of Ei (i= 1; 2; 3; 4) such that ei has one
common vertex with the path P1 (see Fig. 3). According to condition (ii) of Corollary
3, for every arc ei; i = 1; 2; 3; 4, by ai, respectively, we denote a vertex such that a
digraph obtained from D by removing ei and ai does not contain any oriented circles.
Observe that every ai is either a common vertex of C0 and C00 or is an internal vertex
of suitable path Ej; j2f1; 2; 3; 4g.
We shall consider two cases:
(2.1) Every vertex ai is an internal vertex of suitable path Ej; i; j2f1; 2; 3; 4g.
(2.2) At least one of vertices ai; i2f1; 2; 3; 4g, is a vertex of P1 or P2.
(2.1) For i = 1; 2; 3; 4; ai 6= xs; ai 6=ys; ai 6= xe; ai 6=ye. It is clear that a1 2E4;
a2 2E3; a3 2E2 and a4 2E1.
By condition (i) of Corollary 3 there is a circle C000 in D such that xs is not the
vertex of C000. Observe that e2 and e3 are not arcs of C000 and that only one of arcs
e1; e4 can be an arc of C000.
348 I.A. Zio lo / Discrete Mathematics 213 (2000) 337{353
Fig. 3.
(2.1.1) Let us rst suppose that C000 does not contain any arcs ei; i = 1; : : : ; 4. Then
C000 contains every vertex ai; i= 1; : : : ; 4. Vertices a1; a2; a3; a4 divide circle C000 into
four directed paths: (wjs; : : : ; wje); j = 1; 2; 3; 4 such that each of these paths contains
exactly two vertices of fa1; a2; a3; a4g and wjs; wje 2fai; i = 1; 2; 3; 4g; j = 1; 2; 3; 4.
Observe that there is one of such four paths: (a2; : : : ; a1); (a2; : : : ; a4); (a3; : : : ; a1);
(a3; : : : ; a4). If there is (a2; : : : ; a1) or (a2; : : : ; a4) then in a digraph obtained from D
by removing e3 and a3 there is a circle created by paths: (a2; : : : ; a1) (or (a2; : : : ; a4)),
the part of E4 from a1 to ys (or the part of E1 from a4 to ys), P2 and the part of E3
from ye to a2. If there is (a3; : : : ; a1) or (a3; : : : ; a4) then in a digraph obtained from D
by removing e2 and a2 there is a circle created by paths: (a3; : : : ; a1) (or (a3; : : : ; a4)),
the part of E4 from a1 to ys (or the part of E1 from a4 to ys), P2 and the part of E2
from ye to a3. This contradicts condition (ii) of Corollary 3.
(2.1.2) Without loss of generality, we may suppose that e1 is an arc of C000. Circle
C000 contains vertices a2; a3 and a4. We use similar arguments as in case (2.1.1) and
obtain a contradiction.
(2.2) Without loss of generality, we can assume that a1 is a common vertex of C0
and C00. By condition (i) of Corollary 3 there is a circle C000 in D such that a1 is not
a vertex of C000. Hence e1 is an arc of C000 and a1 6= xe. Circle C000 does not contain
internal vertices of E4 and also ys is not a vertex of C000 because otherwise there is
an oriented circle in a digraph obtained from D by removing e1 and a1. Moreover, arc
e4 is not an arc of C000 and at most one of arcs e2; e3 can be an arc of C000. Let path
F1 = (xf; : : : ys) be the part of the path E1 such that xf is the only common vertex
of C000 and F1. Without loss of generality we may assume that for any circle C such
that a1 is not a vertex of C, common vertices of C and E1 are not internal vertices
of F1. Also, without loss of generality we can assume that for every arc (u; w) of E1,
if (u; w) is not an arc of F1, then (u; w) is an arc of C000. By f1 we denote the arc
I.A. Zio lo / Discrete Mathematics 213 (2000) 337{353 349
of F1 such that f1 is incident with vertex xf. By condition (ii) of Corollary 3 for f1
by b1 we denote a vertex such that a digraph obtained from D by removing f1 and
b1 does not contain any oriented circle. Vertex b1 is a vertex of E4 or P1 or P2. Arc
f1 is not an arc of C000 and then b1 is a vertex of C000. Hence b1 is a vertex of P1 or
P2. By condition (i) of Corollary 3 there is a circle Civ such that b1 is not a vertex of
Civ and then f1 is an arc of Civ. Under the assumption of F1, arc e1 is not an arc of
Civ and then a1 is a vertex of Civ. At most one arc of e2; e3 can be an arc of Civ. If
one of arcs e2; e3 are not a common arc of C000 and Civ then a3 or a2, respectively,
is a common vertex of C000 and Civ. If each of circles C000; Civ contains one of arcs
e2; e3 then xs is a common vertex of C000 and Civ. Hence C000 and Civ have common
vertices apart from vf. These common vertices are vertices of paths P1 or P2 or E1
or E2. Let w be one of these common vertices. Arcs of C000 and Civ create another
circles. Under the assumption of C000, one of these circles does not contain arcs e1 and
f1. We denote it by Cv. It is clear that a1; b1 are vertices of Cv. Let v be a common
vertex of C000 and one of paths P2; E2; E3 or P1. Let (v; : : : ; xe) be a directed path
such that each arc is an arc of P1; P2; E2 or E3. If a1 is a vertex of such a path
(v; : : : ; xe) then a digraph obtained from D by removing a1 and e1 contains an oriented
circle, a contradiction. Observe that circle Cv is created by the following directed paths:
A1 = (xf; : : : ; v); A2 = (v; : : : ; w); A3 = (w; : : : ; xf), such that each arc of A1 is an arc of
C000, each arc of A2 is an arc of C0 or C00 and each arc of A3 is an arc of Civ. Hence
b1 is a vertex of A2 and a1 is a vertex of A3. We consider the following three circles:
The rst circle is created by directed paths: A4 = (xe; : : : ; xf); A1; A5 = (v; : : : ; xe), such
that each arc of A4 is an arc of E1, each arc of A5 is an arc of C0 or C00. The second
circle is created by directed paths: F1; A6 = (ys; : : : ; a1); A7 = (a1; : : : ; xf), such that
each arc of A6 is an arc of C0 or C00, each arc of A7 is an arc of A3. The third circle
is created by directed paths: A8 = (a1; : : : ; v); A2; A9 = (w; : : : ; a1) such that each arc
of A8 is an arc of C0 or C00, each arc of A9 is an arc of A3. Observe that there is
not a common vertex of these three circles and there is an arc of C0 or C00 which is
not an arc of above-described circles. Using condition (ii) of Corollary 3 we obtain a
contradiction.
Case 3: Circles C0 and C00 have at least three pairwise disjoined common paths.
Arcs of C0 and C00 create circles such that each of these circles contains all common
paths of C0 and C00.
Let C0 and C00 have p pairwise disjoined common paths Pi=(xsi; : : : ; xei); i=1; : : : ; p.
Observe that each of circles C0; C00 consists of paths Pi and directed paths from xei
to xs(i+1)mod p ; i = 1; : : : ; p. We choose P1; P2 and paths (parts of C
0; C00) from xe1 to
xs2 and from xe2 to xs3. For these paths we repeat the arguments of Case 2 and obtain
a contradiction.
Hence we may assume that the circles C0 and C00 have only one common path. By
the condition (i) of Corollary 3 there is at least one arc in D such that it is not an arc
of C0 or C00.
Case 4: Circles C0 and C00 have exactly one common path. There is a circle C000 in
D such that no vertex of common path of C0 and C00 is a vertex of C000.
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By condition (ii) of Corollary 3 C000 and C0 have a common vertex and C000 and C00
have a common vertex. Moreover, there are no more arcs in D and C000 and C0 have
only one common path, C000 and C00 have only one common path. Then D2LC1.
Case 5: Circles C0 and C00 have exactly one common path P. Every circle of D
contains at least one vertex of the path P.
We use similar method as in Case 2. It is clear that P has length greater than 0. Set
P = (xs; : : : ; xe); xs 6= xe. By E1 = (xe; : : : ; xs) we denote the remaining part of C0. By
E2 = (xe; : : : ; xs) we denote the remaining part of C00. Let ei be an arc of Ei incident
with vertex xe and gi be an arc of Ei incident with vertex xs; i = 1; 2 (see Fig. 3).
According to condition (ii) of Corollary 3 by ai, respectively, we denote a vertex such
that a digraph obtained from D by removing ei and ai does not contain any oriented
circles, i = 1; 2. Vertex a1 is a vertex of P or E2, vertex a2 is a vertex of P or E1.
(2.1) Assume rst that a1 and a2 are internal vertices of E2 and E1, respectively. By
condition (i) of Corollary 3 there is a circle C000 such that xe is not a vertex of C000.
Thus arcs e1 and e2 are not arcs of C000. Hence a1 and a2 are vertices of C000. Let v be
a common vertex of C000 and P. Without loss of generality, we may assume that v is
a vertex of path (a1; : : : ; a2), such that its arcs are arcs of C000. Let us consider a circle
created by the following paths: A1 = (v; : : : ; a2); A2 = (a2; : : : ; xs); A3 = (xs; : : : ; v), such
that each arc of A1 is an arc of C000, each arc of A2 is an arc of E1 and each arc of
A3 is an arc of P. This circle does not contain e1 and a1, a contradiction.
(2.2) We may assume that at least one of the vertices a1; a2 is a vertex of P. Let
a1 be a vertex of P. By condition (i) of Corollary 3 there is a circle C000 such that a1
is not a vertex of C000. Hence e1 is an arc of C000. Let v be a common vertex of C000
and P. Observe that C000 does not contain xs and does not contain internal vertices of
E2. Hence g1 is not an arc of C000. Moreover, v is a vertex of path (a1; : : : ; xe) such
that its arcs are arcs of P. Let path F1 = (xf; : : : ; xs) be the part of E1 such that xf
is the only common vertex of C000 and E1. Without loss of generality we may assume
that for any circle C such that a1 is not a vertex of C, common vertices of C and
E1 are not internal vertices of F1. Let f1 be an arc of F1 incident with xf. According
to condition (ii) of Corollary 3 by b1 we denote a vertex such that a digraph obtain
from D by removing f1 and b1 does not contain any oriented circles. Arc f1 is not
an arc of C000 and then b1 is a vertex of the part of P from a1 to xe. By condition
(i) of Corollary 3 there is a circle Civ such that b1 is not a vertex of Civ. Thus f1 is
an arc of Civ. Vertex a1 is a vertex of Civ and b1 is a vertex of C000. It is clear that
Civ does not contain any internal vertices of E2. Let A1 = (xf; : : : ; b1); A2 = (a1; : : : ; xf)
be directed paths such that each arc of A1 is an arc of C000 and each arc of A2 is
an arc of Civ. If paths A1 and A2 have a common internal vertex then they create a
circle C such that e1 is not an arc of C and a1 is not a vertex of C, a contradiction.
Hence A1 and A2 do not have common internal vertices. Let us consider the following
three circles: C00, a circle created by paths: A1; A3 = (b1; : : : ; xf) such that each arc
of A3 is an arc of C0, a circle created by paths: A2; A4 = (xf; : : : ; a1) such that each
arc of A4 is an arc of C0. There is not a common vertex of these three circles. If
there are any another arcs in D then using condition (ii) of Corollary 3 we obtain
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a contradiction. Otherwise C000 and Civ have less vertices than the circle C0 has, a
contradiction.
Thus we obtain that D2LC1.
Unfortunately, we obtain much more complicated situation for k>2.
We nd a TTn-maximal digraph of order m in two cases with very special
assumptions.
Proposition 10. Let D0 be a digraph such that every circle of D0 has at most two
common vertices with the other circles of D0. Let D be a TTn-maximal digraph of
order m such that D0 can be obtained from D by a sequence of contractions of
the second type. Under the assumption above; the minimum size of D is equal to
(2m− n)(n− 2) and only digraphs on m= n+ k vertices of set LCk are TTn-maximal
digraphs of order m and minimum size.
Proof. Let D be a TTn-maximal digraph of minimum size. By Proposition 7 we may
assume that D0 = D. We start with an observation.
Observation. Let C1 and C2 be dierent oriented circles of D. Then C1 and C2 have
at most one common vertex.
To obtain a contradiction, suppose that C1 and C2 have two common vertices v1,
v2. Observe that every circle C such that C and Ci (i = 1 or 2) have common vertex,
contains at least one of vertices v1; v2. For an arc of circle C1 by condition (ii) of
Corollary 3 we nd k vertices w1; : : : ; wk . Observe that one of these vertices, w1 for
example, is a vertex of C2. If v1 2fwi; i=1; : : : ; kg or v2 2fwi; i=1; : : : ; kg then we use
condition (i) of Corollary 3 and obtain a contradiction. Let vj 62 fwi; i = 1; : : : ; kg; j =
1; 2. Let us consider a set fw2; : : : ; wk ; v1g. We use condition (i) of Corollary 3 and
obtain a contradiction.
By Propositions 6 and 4 we may assume that it is impossible to obtain a digraph
from D by the contraction of the rst type and that D does not contain isolated vertices.
Observe that every circle of D has length 2. By Observation D consists of symmetric
arcs. In this case we obtain digraph D of minimum size if D is a digraph obtained from
Kn-maximal graph of the minimum size (Theorem 2) by replacing edges by symmetric
arcs. Then D2LCk because D does not contain isolated vertices.
Proposition 11. Let D be a TTn-maximal digraph of order m = n + k and let there
are k + 1 independent vertices in D. Under the assumption above; the minimum size
of D is equal to (2m− n)(n− 2) and only digraphs on n+ k vertices of set LCTk are
TTn-maximal digraphs of order m and minimal size.
Proof. Let D be a TTn-maximal digraph of minimum size. By Propositions 6 and 7
we may assume that it is impossible to obtain a digraph from D by the contraction of
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the rst or of the second type. In this way we simplify the describing of the structure
of D. By Proposition 4 we can assume that D does not contain any isolated vertices.
In fact, we prove something more. Observe that it is sucient to assume that
there are k+1 vertices in D such that every two of them are joined by a symmetric arc
in D.
Let v1; : : : ; vk+1 be independent vertices in D. By condition (i) of Corollary 3 there
is a circle C1 in D such that none of vertices vi; i = 2; : : : ; k + 1 is a vertex of C1.
Let us rst suppose that v1 is not a vertex of C1. Observe that in this case C1 is an
isolated circle in D. Digraph D is TTn-maximal but does not have minimum size, a
contradiction. We may assume that v1 is a vertex of C1. Similarly, for any i=1; : : : ; k+1
there is a circle Ci such that vi is a vertex of Ci and none of vertices vj; j2f1; : : : ; k+
1g; j 6= i is a vertex of Ci. Observe that there are no more arcs in D. Using condition
(ii) of Corollary 3 we obtain that every two circles Ci; Cj; i; j2f1; : : : ; k + 1g; i 6= j
have a common vertex. If two circles Ci; Cj; i 6= j has at least two common disjoined
paths then their arcs create another circles. We use condition (ii) of Corollary 3 and
obtain a contradiction.
Hence every two dierent circles Ci (i=1; : : : ; k+1) have exactly one common path.
Let us consider three dierent circles Ci; i=1; : : : ; k+1. Without loss of generality we
can take circles C1; C2 and C3. Let P12 be a common path of C1 and C2 and let P23
be a common path of C2 and C3. Observe that P12 and P23 have a common vertex.
Hence there is a vertex v such that it is a vertex of every circle Ci; i = 1; : : : ; k + 1.
Let Pij be a common path of Ci and Cj; i; j2f1; : : : ; k + 1g; i 6= j. The vertex v is a
vertex of each Pij. If all paths Pij have length 0 then D2LCk . Otherwise we obtain
D2LCTk .
Let us consider a digraph D obtained from Kn-maximal graph of the minimum size
by replacing edges by symmetric arcs. Observe that a digraph whose complement is
obtained from D by removing isolated vertices is a digraph of LCk .
All the above-mentioned facts, propositions and theorems motivate us to state the
following conjecture:
Conjecture 1. Let m>n>3. The minimum size of a TTn-maximal digraph of order
m is equal to (2m − n)(n − 2). Only digraphs on m = n + k vertices of LCTk are
TTn-maximal digraphs of order m and minimum size.
It is surprised that if Conjecture 1 is true then the extremal digraph is not unique.
It is dierent from analogous results for graphs and digraphs mentioned at the be-
ginning. Moreover, there is a digraph D1 of LCk such that the addition of any arc
to D1 results in a digraph that does contain any tournament of order n. As an ex-
ample we take D1 with k independent vertices v1; : : : ; vk . The remaining n vertices
u1; : : : ; un of D1 are neighbours each other. Arcs (ui; u(i+1)mod n) i = 1; : : : ; n, create a
directed circle, the remaining arcs joining vertices ui i = 1; : : : ; n are symmetric. Ver-
tices vj are not neighbours of vertices u1; u2; j = 1; : : : ; k. Vertices ui; i = 3; : : : ; n
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and vj; j = 1; : : : ; k, are joined by a symmetric arcs. After the addition of any arc
and the removing k proper vertices, antisymmetric arcs create a Hamiltonian path or
a directed path with the last arc directed opposite. Such paths are contained by any
tournament [7,1].
There is also a digraph D2 2LCk without the above-mentioned property. For example
let D2 be a digraph very similar to the above-described D1. The only dierence is
that vertices vj are not neighbours of vertices u1; u3. Vertices ui; i = 2; 4; : : : ; n and
vj; j = 1; : : : ; k are joined by symmetric arcs. We also assume that n>5. After the
addition of arc (u1; v1) we have to remove vertices vj; j = 2; : : : ; k and u3 and obtain
the digraph such that it does not contain the tournament with the following decreasing
scores sequence of outdegrees of the vertices (n− 1; n− 2; : : : ; n− (n− 3); 1; 1; 1).
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